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ABSTRACT
An example of a Banach space X is shown which does not have the
Dunford-Pettis property, while some subspace Y and the corresponding
quotient X/Y have the hereditary Dunford-Pettis property.

A property P is said to be a three-space property if, whenever a closed sub-
space Y of a Banach space X and the corresponding quotient X/Y have P, then
X also has P. For instance, it is easy to see that reflexivity or the Schur property
are three-space. A problem which has been around for some years is whether the
Dunford—Pettis property is a three- space property (see [2] and [3] for ad-
ditional information). In this paper we solve this question in the negative by
showing an example of a Banach space X without the Dunford-Pettis property
but such that some subspace ¥ and the corresponding quotient X/Y have the
hereditary Dunford-Pettis property.

A Banach space X is said to have the Dunford—Pettis property (DPP) if
any weakly compact operator T : X — Y transforms weakly compact sets of X

into relatively compact sets of Y. Equivalently, given weakly null sequences ()
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and (z}) in X and X* respectively, lim(z},,z,) = 0. A Banach space X is said
to have the hereditary Dunford-Pettis property (DPP}) if any closed subspace
of X has the DPP. The following equivalent formulation is useful for this paper:

LEMMA: A Banach space X has the DPP, if any weakly null sequence (z,)
admits a sub-sequence (z,,) such that, for some constant K,

m=N

> e

m=1

<K.

The proof of which is easy using a result of Elton quoted in {2, Theorem §].
THEOREM: The Dunford-Pettis property is not a three-space property.

Proof: Consider S to be Schreier’s space as described in [1]. This is the space ob-

tained by completion of the space of finite sequences with respect to the following

norm:
lzlls=  sup ) lajl,
[A—admissible] jeA
where a finite sub-set of natural numbers A = {n; < -+ < n;} is said to be

admissible if k < n;.

It can be readily verified that S is algebraically contained in co, that it has
an unconditional basis formed by the canonical vectors (e;), and that a sequence
(z™) of S is weakly null if and only if, for every j, the sequence (:z:;-’),leN is null.
We show that S does not possess DPP by proving that the unit vector sequence

is weakly null in S* : this immediately follows from the estimate

k=2"

D e

k=1

<N.

5

We define an operator T: Iy @1 § — ¢y by means of the formula T(y,z) =
q(y) +i(z) where ¢: Iy — ¢ is a quotient map, and ¢ denotes canonical inclusion.
Obviously T is a quotient map. We only need to verify that Ker T has DPP,.
To this end, let (y",z") be a weakly null sequence in Ker T'. Since T(y",z") =0
and (y") is norm null, one sees that also ||z*|lcc — 0. If |jz"||s — 0, then
the proof ends. If not, as an application of the Bessaga-Pelczynski selection
principle, we can assume that the sequence (z") is formed by normalized blocks

of the canonical basis (e;):
i=Nn+l

" = Z Aiei.

i=N,+1
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Since ||z"||s = 1 and ||z"||c — O, one sees that N,4; — N, — 4+00. We choose

a sub-sequence (z™) = z*(™) as follows:
Ni(my+1 = Ni(m) > Ni(m-1),

and
m—1|

max 23] < mjin]z]-

where the min is taken over the non-vanishing coordinates.
We can now state that
<2

m=N
>, "
m=1 S

because if A = {n; < --- < ng} with k < n; is admissible, and if Ngm-1) <

n1 < Ni(m), then

m=N
Z | Z z7'| £ sum of k consecutive terms begining with z
JEA m=1

<le™ 2™ <2,

Remark: It is worth noting that the “hereditary by quotients” Dunford-Pettis
property (DPP,,), in a certain sense dual of DPP}, is a three-space property.
A Banach space with this property cannot contain [;. Since X* has the Schur
property if and only if X has DPP and does not contain l;, a Banach space X has
DPP;g if and only if X* has the Schur property, which is a three-space property.

Remark: The example l; &, S was used in [4] to provide a counter example
to the following affirmation: the weak Banach-Saks property is a three-space

property.
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